The distance spectral radius of a connected graph is the largest eigenvalue of its distance matrix. We determine the unique non-starlike non-caterpillar tree with maximal distance spectral radius.
Introduction
We consider only simple connected graphs. Let G be a graph with vertex set V(G). For u, v ∈ V(G), the distance between u and v in G, denoted by duv(G) or duv, is the length of a shortest path connecting them in G.
The distance matrix of G is de ned as D(G) = (duv) u,v∈V(G) . The eigenvalues of D(G) are called the distance eigenvalues of G. Since D(G) is real and symmetric, the distance eigenvalues of G are all real. The distance spectral radius of G, denoted by ρ(G), is the largest distance eigenvalue of G. Since D(G) is irreducible, by the Perron-Frobenius theorem, ρ(G) is simple and there is a unique positive unit eigenvector corresponding to ρ(G), which is called the distance Perron vector of G.
The distance eigenvalues of graphs, arisen from a data communication problem studied by Graham and Pollack [3] in 1971, have been studied extensively, and in particular, the distance spectral radius received much attention, see the survey [1] . Graphs with minimal and/or maximal distance spectral radius have been determined for various classes of graphs, see, e.g., [2, 4, [6] [7] [8] [9] [10] .
For n ≥ , let P = v v . . . v n− . For ≤ i < j ≤ n − , let P(n; i, j) be the tree obtained from P by attaching a pendant vertex v n− to v i and a path vn v n− at the terminal vertex v n− to v j . A tree in which there is exactly one vertex of degree at least three is said to be starlike. Otherwise, it is non-starlike. A caterpillar is a tree in which removal of all pendant vertices gives a path. A tree that is not a caterpillar is said to be non-caterpillar. A non-starlike non-caterpillar tree is a tree that is both non-starlike and non-caterpillar.
Xing et al. [10] determined the unique graph(s) with maximal distance spectral radius among n-vertex non-starlike trees, and the unique graphs with minimal and maximal distance spectral radii among n-vertex non-caterpillar trees. They also determined the unique graph(s) with minimal distance spectral radius among n-vertex non-starlike non-caterpillar trees, and showed that only two graphs P(n; , ) and P(n; , n − ) are possible to achieve the maximal distance spectral radius among n-vertex non-starlike non-caterpillar trees for n ≥ . They posed the following conjecture: Among non-starlike non-caterpillar trees on n ≥ vertices, P(n; , n − ) is the unique graph with maximal distance spectral radius.
In this note, we prove the above conjecture.
Result
Let G be a connected graph and x a positive unit vector of dimension |V(G)|.
Then ρ(G) ≥ x D(G)x with equality if and only if x is the distance Perron vector of G. If x is the distance Perron vector of G, then xz denotes the component of x corresponding to vertex z ∈ V(G).

Lemma 1 ([9]). Let G be a connected graph with u, v ∈ V(G). Let u and v be pendant neighbors of u and v, respectively. Then
Lemma 2. For n ≥ , ρ(P(n; , n − )) > ρ(P(n; , )).
Proof. Let T = P(n; , ). Let x be the distance Perron vector of T.
and for any i = , , . . . , p − , 
and thus ≤ xv − xv n− < xv − xv n− . Therefore xv n− − xv < , which is a contradiction to Claim 2. It follows that xv n− − xv > . Then by Lemma 1, we have
This proves Claim 3. Claim 4. xv n− − xv < + ρ(T) (xv n− − xv ). By Claim 3, xv − xv n− > xv − xv n− and so
Thus Claim 4 follows. This proves Claim 5. Let T = P(n; , ) − v v n− + v n− v n− . Obviously, T ∼ = P(n; , n − ). It is easily seen that
By Claims 1-5, we have
Hence W > , and
The following theorem shows that the conjecture in [10] mentioned above is true.
Theorem 1.
Among non-starlike non-caterpillar trees on n ≥ vertices, P(n; , n − ) is the unique graph with maximal distance spectral radius.
Proof. It has been shown that only P(n; , ) and P(n; , n − ) are possible to achieve the maximal distance spectral radius among n-vertex non-starlike non-caterpillar trees. Note that P(n; , ) = P(n; , n − ) for n = . We only need to show that ρ(P(n; , n − )) > ρ(P(n; , )) for n ≥ . For n = , . . . , , by direct calculation, we have ρ(P( ; , )) = .
> ρ(P( ; , )) = . , ρ(P( ; , )) = .
> ρ(P( ; , )) = . .
By Lemma 2, ρ(P(n; , n − )) > ρ(P(n; , )) for n ≥ . The result follows.
